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1. Introduction
Consider the Navier–Stokes equations in R3
∂tu + u · ∇u − u + ∇p = 0, (x, t) ∈R3 × (0,∞),
divu = 0, (x, t) ∈R3 × (0,∞),
u(x,0) = a(x), x ∈R3, (1.1)
where u = u(x, t) is the velocity ﬁeld, p = p(x, t) is the scalar pressure and a(x) with div a = 0 in the sense of distribution
is the initial velocity ﬁeld. For simplicity, we assume that the external force has a scalar potential and is included into the
pressure gradient.
In the last century, Leray [9] and Hopf [4] constructed a weak solution u of (1.1) for arbitrary a ∈ L2(R3) with ∇ · a = 0.
The solution is called the Leray–Hopf weak solution. From that time on, much effort has been devoted to establish the
global existence and uniqueness of smooth solutions to the Navier–Stokes equation. Different criteria for regularity of the
weak solutions has been proposed. The Prodi–Serrin conditions (see Serrin [12], Prodi [11], and Struwe [13]) states that any
weak Leray–Hopf solution belonging to the class Lα((0, T ); Lq(R3)) with 2α + 3q  1, 2 < α < ∞, 3 < q < ∞ is regular on
(0, T ) × R3, while the limit case q = 3 was covered much later by Escauriaza, Serëgin and Sverak [5]. In 1995, Beirão da
Veiga [2] established a Serrin’s type regularity criterion on the gradient of the velocity ﬁeld: ∇u ∈ Lα((0, T ); Lq(R3)) with
2
α + 3q  2. For other kinds of regularity criteria, we refer to the papers [1,7,8,14–18].
Our purpose of this paper is to prove some logarithmically improved regularity criteria on the velocity ﬁeld or on the
gradient of velocity ﬁeld in terms of the multiplier spaces.
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In this section, we recall the deﬁnition of the multiplier space, which was introduced in [6]. The space X˙r of pointwise
multipliers which map L2 into H˙−r is deﬁned in the following way:
Deﬁnition 2.1. For 0 r < d2 , the space X˙r is deﬁned as the space of f (x) ∈ L2loc(Rd) such that
‖ f ‖ X˙r = sup‖g‖H˙r1
‖ f g‖L2 < ∞,
where we denote by H˙r(Rd) the completion of the space C∞0 (R3) with respect to the norm ‖u‖H˙r = ‖(−)
r
2 u‖L2 .
The norm of X˙r is given by the operator norm of pointwise multiplication
‖ f ‖ X˙r = sup‖g‖H˙r1
‖ f g‖L2 .
We have the homogeneity properties: ∀x0 ∈R3∥∥ f (. + x0)∥∥ X˙r = ‖ f ‖ X˙r ,∥∥ f (λ.)∥∥ X˙r  1λr ‖ f ‖ X˙r , λ > 0.
Lemma 2.2. Let 0 r < 32 . Then
L
3
r
(
R
3)⊂ X˙r(R3)
holds.
Proof. Let f ∈ L 3r (R3). By using the following well-known Sobolev embedding
H˙r
(
R
3)⊂ Lq(R3)
with 1q = 12 − r3 , we have
‖ f g‖L2  ‖ f ‖L 3r ‖g‖Lq  ‖ f ‖L 3r ‖g‖H˙r .
Then, it follows that
‖ f ‖ X˙r = sup‖g‖H˙r1
‖ f g‖L2  C‖ f ‖L 3r . 
Example 2.3. Due to the well-known inequality∥∥∥∥ g|x|
∥∥∥∥
L2
 2‖∇g‖L2 ,
we see that |x|−1 ∈ X˙1(R3).
Montgomery-Smith introduced the following criterium in [10] (see also [3] for this kind of criterion):
T∫
0
‖u(t)‖αLq
1+ ln(e + ‖u(t)‖Lq ) dt < ∞.
Note that the log improvement is here, in time only. This can be seen as a natural Gronwall type extension of the Prodi–
Serrin conditions. Our main purpose is to extend this log improvement in the multiplier spaces.
Theorem 2.4. Let u be a smooth solution to (1.1) with initial data u0 ∈ H2(R3). Suppose that the solution u satisﬁes
T∫ ‖u(t, .)‖ 21−r
X˙r
1+ ln(e + ‖u(t, .)‖∞) dt < ∞ for some r with 0 r < 1. (2.1)
0
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T∫
0
‖u(t, .)‖
2
1−r
X˙r
1+ ln(e + ‖u(t, .)‖∞) dt = ∞ for some r with 0 r < 1.
Remark 2.1. Since the multiplier space X˙r is much wider than the Lebesgue space L
3
r and hence our result covers the recent
results given by Chan and Vasseur [3]. Moreover, they used De Giorgi’s method, while our proof is just based on energy
method (see next section) and is much simpler.
Our second theorem is on the gradient of velocity ﬁeld. It reads
Theorem 2.5. Let u be a smooth solution to (1.1) with initial data u0 ∈ H2(R3). Suppose that the solution u satisﬁes
T∫
0
‖∇u(t, .)‖
2
2−r
X˙r
1+ ln(e + ‖u(t, .)‖∞) dt < ∞ for some r with 0 r  1. (2.2)
Then the solution can be smoothly extended up to t = T .
Remark 2.2. Theorem 2.5 is still true, if we replace ∇u by ω = ∇ × u, due to the boundness operator in X˙r . Hence it can be
regarded as an extension of criterion for the Navier–Stokes equations in [1]. Theorems 2.4 and 2.5 also can be regarded as
an extension of our recent paper [18] (although it is done for the MHD equations, the results also hold for the Navier–Stokes
equations).
3. Proofs
The proof consists in ﬁrst obtaining a continuation principle for strong solutions and then in applying it to weak solu-
tions.
Let u be a smooth solution to (1.1) on [0, T [. Apply ∇3 to the ﬁrst equation in (1.1), then we have
∂t∇3u + ∇3(u · ∇u) − ∇3u + ∇3∇p = 0. (3.1)
Taking the inner product in L2(R3) between (3.1) and ∇u, we obtain
1
2
d
dt
∥∥∇2u(t, .)∥∥2L2 + ∥∥∇3u(t, .)∥∥2L2 = −∫
R3
∇2u(∇2∇p)dx− ∫
R3
∇2u∇2(u · ∇u)dx
= −2
∫
R3
∇2u(∇u · ∇∇u)dx−
∫
R3
∇2u(∇2u · ∇u)dx
 C
∥∥∇3u∥∥L2∥∥u∇2u∥∥L2 . (3.2)
Due to Hölder’s inequality and the following ones (0 r  1)
‖w‖H˙r =
1
(2π)
d
2
∥∥|ξ |r ŵ∥∥L2  ‖w‖1−rL2 ‖∇w‖rL2 , (3.3)
it is easy to see that
1
2
d
dt
∥∥∇2u(t, .)∥∥2L2 + ∥∥∇3u(t, .)∥∥2L2  C‖u‖ X˙r∥∥∇2u∥∥H˙r∥∥∇3u∥∥L2
 C‖u‖ X˙r
∥∥∇2u∥∥1−rL2 ∥∥∇3u∥∥1+rL2
 C
(‖u‖ 21−r
X˙r
∥∥∇2u∥∥2L2) 1−r2 (∥∥∇3u∥∥2L2)1− 1−r2 .
By Young’s inequality (aαb1−α  αa + (1− α)b a + b with a,b 0 and 0 α  1), we ﬁnd
1
2
d
dt
∥∥∇2u(t, .)∥∥2L2 + ∥∥∇3u(t, .)∥∥2L2  C‖u‖ 21−rX˙r ∥∥∇2u∥∥2L2 + 12∥∥∇3u∥∥2L2 .
Therefore,
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dt
∥∥∇2u(t, .)∥∥2L2 + ∥∥∇3u(t, .)∥∥2L2  C‖u‖ 21−rX˙r ∥∥∇2u∥∥2L2  C ‖u‖
2
1−r
X˙r
1+ ln(e + ‖u‖∞)
(
1+ ln(e + ‖u‖∞))∥∥∇2u∥∥2L2 .
Since it is well know that the Sobolev space Hs(R3) with s > 32 is continuously embedded into L
∞(R3), this yields
d
dt
∥∥∇2u(t, .)∥∥2L2 + ∥∥∇3u(t, .)∥∥2L2  C‖u‖ 21−rX˙r ∥∥∇2u∥∥2L2  C ‖u‖
2
1−r
X˙r
1+ ln(e + ‖u‖∞)
(
1+ ln(e + ∥∥∇2u∥∥2L2))∥∥∇2u∥∥2L2 . (3.4)
But inequality (3.4) tells us that
dF
dt
 C
‖u‖
2
1−r
X˙r
1+ ln(e + ‖u‖∞) · F ,
where F = 1+ ln(e + ‖u(t, .)‖2
H2
).
Then Gronwall’s inequality yields
1+ ln(e + ∥∥u(t, .)∥∥2H˙2) (1+ ln(e + ‖a‖2H˙2))exp
(
C
T∫
0
‖u‖
2
1−r
X˙r
1+ ln(e + ‖u‖∞) dt
)
,
which implies the boundness of ‖u(T , .)‖2
H˙2
due to condition (2.1).
This completes the proof of Theorem 2.4.
For the proof of Theorem 2.5, we start from (3.2). Due to the inequality (3.3), we obtain
1
2
d
dt
∥∥∇2u(t, .)∥∥2L2 + ∥∥∇3u(t, .)∥∥2L2  C‖∇u‖ X˙r∥∥∇2u∥∥H˙r∥∥∇2u∥∥L2
 C‖∇u‖ X˙r
∥∥∇2u∥∥2−rL2 ∥∥∇3u∥∥rL2
 C
(‖∇u‖ 22−r
X˙r
∥∥∇2u∥∥2L2)1− r2 (∥∥∇3u∥∥2L2) r2 ,
hence
d
dt
∥∥∇2u(t, .)∥∥2L2 + ∥∥∇3u(t, .)∥∥2L2  C‖∇u‖ 22−rX˙r ∥∥∇2u∥∥2L2  C ‖∇u‖
2
2−r
X˙r
1+ ln(e + ‖u‖∞)
(
1+ ln(e + ∥∥∇2u∥∥2L2))∥∥∇2u∥∥2L2 .
Theorem 2.5 can be proved by Gronwall’s inequality and the integrability condition (2.2).
Remark 3.1. Theorem 2.4 is also true, if we have ‖u‖L∞(0,T ; X˙1) being small.
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